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Ściśle ograniczona dynamika jądrowa a schemat pasmowy Elliota 


Crporo orpaHuteHHad [MHAMMKA MOJĄEJM ATOMKOTO AApa 
H KOJIJIEKTKBHBIE INOJOCHI JJAJTMOTTA 


1. Introduction 


In 1958 Elliott has demonstrated | t] that the spectru: 
of the non-central quadrupole-quadrupole interaction, actin: 
within a single SU, -she11 consists of the rotational—type 
bands built on the SU, -irreducible states. This result is 
usually being commented as a relationship between the shell- 
model and collective features. Without referring to the 
shell-model picture, in this paper we present another inter- 
pretation of Elliott’s model, proposed in § 24 [2] , natural- 
ly following from the general microscopic theory of the col- 
lective motion in nuclei. This interpretation is based on 
both the restricted dynamics idea and algebraic scheme em- 
ploying the unitary group U » with A giving the number 
of particles in the nucleus. 

In two following sections we sketch main features of 
the Elliott’s model and the realization of the many-partich 
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le Hilbert space, needed for its new interpretation.Sections 
4 and 5 are devoted to the generalizations of Elliott’s appro- 
ach and in the next two sections the strictly restricted dy- 
namics model is described, taking into account the collective 
and the pairing-like features. In the references, given at 
the very end of this paper,further generalizations of the 
nuclear models, based on the restricted dynamics idea, can 


be found. 
2. Elliott “s collective bands 


In the pioneering papers [1] which have started the ap- 
plications of 5 -scheme to the nuclear structure problems 
the SU, -shell model has been proposed. In this model the 
states were used, composed from the isotropic harmonic oscil- 
lator functions, characterized by S U, -irreducible represen- 
tations (AM) with the basis KLM, labelled by the irredu- 
cible representations of groups in the chain SU,>30, >90, 
as well as by the missing label K » related with the projec= 
tion of the angular momentum L into the body—fixed z-axis. 
In e the spectrum of the non-central R TWA 


interaction 
ip 
=V, JE z? Ły R (cs$;;) a; 
| t<j=41 (2) 
acting within the S U, -shell é er: denotes the SU, —irredu- 


cible representation (§0)) has also been ete This spec- 
trum has been obtained using the following decomposition of 


V 
17 V 4 Ve 7 , 
A 4 1226 (2) 
where aye ¢ is the term of Aran only on infinitesimal 


operators t? the roup SU,” e This term may be easily obtai- 
ned presenting Veo in Rie form 


tT Vo y ie KOE te 


Q 
ń Au Aa AQAA cej (3) 


with 
Jp 2h =3 8(4,4,) 8 (4,4; )- 84,44) §(4/45), 
(4) 


4 i 
where X; is the particle Carthesian variables (4 =1,2,3; L= 
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al, 2s. seees lo) « the relations 


ir z (17 +4?) 


(5) 
connecting Xp and ARNE "NT och to them with the 
creation “J; and annihilation 7? operators, V, t4 can be pre- 
sented in terms of t and r- Taking from e expression 
open the term depending on SU} -infinitesimal operators, 
Vit in the explicit form can be derived. 

Let us discuss the matrix representations ot Veg ia the 


SU, -sheli model states 


PLE” 4, (A) KLM), (6) 


introduced in jaj and characterized by CX )KL M as well 
as by the space partition fs with basis ("te and the mis— 
sing label | for the chain Usime 2 SU; (lim é denotes 
the dimension of (£0)). The matrix elements of V3 on the 
SU, -shell model states are degenerated with respect to fp 
KARE K,M. In [2] it has been proved, that the eigen- 
values ŚW Vy) depend both on (At) and L in the form 


6(W l= FV (6 Gam- TLD), 


(7) 
where Gj - A kalien 
et (i nt 
GOM=% (x an tAn +3(ar)) é 
of the SU; -Casimir operator 
A Am 3 A 2 
A Saata sh SAAT 22 
LEE em pace 3 anakaa: 
adn L (9) 


149 
In (9) ya? denotes w ity ee ma operators 


aa’ =), 
I 2 20 
t=1 (10) 
presented in terms of the creation and annihilation operators. 


The Elliott "s collective bands (7), already mentioned 
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in the introduction, have been obtained in the SU; -shell ba- 


sis. In the next section we will describe the more general 
basis, useful for the far reaching generalization of the El- 
liott”s model. 


34 The uni tary scheme basis 
44 
The operator V, y(t ), depending only on . SU, -infinite- 


simal operators ao) possesses the additional symmetry, gi- 
ving the guiding oe about further generalizations. Acting 


on indices ¢ of y? a 92 with operators of the unita- 

ry group U 74 is easy to check, that F are Vy -sca- 

lars. Thus V is also -scalar operator, consequ— 
\ ar U -irreducible representations.This 


ently V e AC, 
feature SZA » useless in SU; -shell states, having no 
Hi advo" has advantage in l m ~irreducible spa- 
ces. This is the reason, why we must discuss another reali- 
zation of the basis in the many—particle Hilbert space label- 
led by irreducible representations of unitary and orthogonal 
groups with the rank, depending on the number of particles A. 
We are also going to improve the Elliott’s model taking 
instead of (1) the au quadrupole—quadrupolse interaction 


> 4 
= Voc J (č: -t), (11) 


t<j= =4 

which can be considered as a term in Taylor s expansion of 
the potential energy for the nucleon-nucleon interaction.Due 
to the translational-invariance of the expression, we also 
need translational-invariant basis functions. It is easy to 
assure this property using instead of one-particle variables 
X; the translational-invariant Jacobi variables Q; , with 
A= ly 2, Byard t z Ly Ret cass A> 

Translational-invariant functions with the properties 
described, introduced in Bi are labelled by irreducible 
representations of the groups in the chain 


Usa PU 4 Us 
S03 Qa-1 
S 0, SĄ , (12) 
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where U s O s SO and Ś correspondingly denote the unitary, 
orthogonal, special orthogonal and symmetric groups. Let us 
label the UN Ue r One and SA -irreducible 
representations correspondingly as = 65 Da E Ol, Ez 
z [E4 Ei E, }; E= [E,E,E; j E wz (to, w, w, 0...0) 
and f= 14; "M .. $4}: Note, that both U, and AU: -irre- 
ducible representations have the same = thus there is 
no need to repeat them. Taking into account the relations | = 
=,-£,, nE- ką between the notations LE, E E J ana CAP), 
as IB: as the condition TAP t&,= & we psd use (AM) Ai 
stead of E= [E,E, E,}. We wilr ez o the functions 


pRERM Let, 64.1) 13) 


depending on the space partition $ with the basis ['4 and 
other characteristics described as well as on the missing la- 
bela Ê and « for the chains Uh., > („and | RZ 
as to the unitary scheme basis. 

The unitary scheme basis gives natural generalization 
of the SU, -shell model states. The relation of the ground 


SU 


3 
pression è 


b(i0'0)*..161) E LYS] pyty OPÓKLM |, «Xp |= 
y 


(VAY EVAR | Emin ELM | 
KZ: i ce [9-944 ), 


-shell states with unitary scheme functions gives the ex- 


titsiya 


A (14) 
where V is the oscillator frequency, n=A- (4+ 14 toot 


+h £(£+1)) 1778 denotes the minimum number of oscilla- 
tor quanta allowed by the Pauli principle and [4...44,]- the 
space partition containing as the fragment the fo of the 
open shell (ie . The first factor in the r.h.s. of (14) gives 
the oscillator vacuum state of the centrum-of-mass motion. 
For the states with f,„tf, Eomuu*2y*** » the unitary 
scheme basis multiplied by the vacuum state of the centrum- 
of-mass motion can be presented as some definite superposi- 
ion of SU; -configurations with more than one open shell 
yor details - see [4] and references there). Let us also no- 
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te, that the basis, used in so called microscopic symplectic 
nuclear models is equivalent to the unitary scheme basis (see 
for details [5] ). 

Now we are going to discuss the following problem: in- 
stead of considering the interaction V, acting within the 
space, spanned on a si SU -shell unctions(6), let us 
separate from (11) rhs ate -scalar term He , acting with- 
in the space, spanned on the unitary scheme basis (13) and 
examine its matrix representatione 


4e U, "kaj term of the central quadrupole- 
quadrupole interaction 
Let us analyse the algebraic structure of the interach 
tion (11). Using (5) for the Jacobi variables we can present 


Han in the form = 
y e 


OZ I moż i, a 


where H gives all the terms of H depending on the 
Usa-n -infinitesimal operators, i ieh he wot of acting 
within the Usra-4)-irreducible space. the U yen term 


H AOR | is contained in Heo , thus, then our 
fst. let us examine the wk os 2 
= +H 
Hy Nog tg 06) 
This decomposition is described in gętali in [4] „ Here we 


present only the final expression for Hee » explicitly ob- 
ra 
tained in [6] , 


eo (aaa plofeć l) 
(17) 


A 
4) 
where [> and K! -operators with the eigenvalues L(L+1) 
and E e Taking the matrix representation of the operator 
(17) in the uh ge scheme basis we see, that the spectrum 


(Heg) of He 44 has the expression 

BHE, EV, (FAA TUE ZE + 6668)- iLL), 
i (18) 

i.e. it possesses Elliott’s collective bands structure. This 


formula gives the new interpretation of Elliott’s model. In 
the next section we will see, that this interpretation is 


ana 
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convenient for generalizations. 


5. The U, -scalar term of the erbitrary 
interaction 


Instead of (11) let us consider the potential energy ope— 


rator 
ey V(tzj) 
NYE =4 (19) 


with the arbitrary nucleon-nucleon interaction Vlr: ). In 
order to separate the Lizzy ~scalar term from (19) we employ 
the density matrix technique, developed in a series of pa- 
pers, described in [4] . Using this technique in [7] it hes 
been shown, that the matrix of w on the unitary scheme ba- 
sis (13) is diagonal with respect to all of its characteris— 
tics but K » independent on Mówa f Mpana has the follo- 
wing expression: 


EOL IRN BRAY 
é spr =<5 W x $ (ts | Hi wl5 $w x $ pz ps 


=), [i Kag CREN 5 


ef 
(20) 
where 6.7 -components of the W -scalar density matrix 


RE " 2 Calas fa 
A(A-1) REL) AE £€E p 
(= Line „DR Sar © xe TEKL 


ie 
and y ar Huete 4 y 
i -fedr R 2) Vier) R? AŻ) 
1-48 (a 


calculated on KETONG three-dimensional oscillator radial 
functions, depen on the frequency Y and the radial va- 
riable WP t= YZ | a= Żą | . In (21)0(mE ana dim E denote 
the dimensions of ee A-4,- 7804 U4Ą4-4 -irreducible repre- 
sentations E and E ,B (EL) tne overlap of unitary scheme 
functions, and G -isoscalar’ factors of SU coupling coef- 
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ficients in the Elliott’s basis. Explicit BETA expres- 
sions of b: have been obtained in [e], RE ED) is also known, 
thus we can find and calculate the matrix elements (20) 
for a given potential Va: -) ə In particular, in the case of 
the interaction [47 , (18) follows from (20). 

Let us R the spectrum of Hi, e Typical dependence 
of the diagonal matrix elements (20) on L nas a form of the 
polynomial in L(L+1) 


ar 2 (a, (Lary +e0 6 (UCD) 
(23) 


with Q E M „Mm and limits for t given by GAMK, 
as well as by the Pcie oat Vle; ;) used. In the case of not 
too trivial potentials, non-diagonal with respect to K mat- 
rix elements (20) are not zero, consequently the effect of K- 
bands mixing exists, depending on Poy i Thus we conclude, 
that the Elliott 's model, generalized for the arbitrary inter 
action, possesses more rich and sophisticated spectrum, in 
comparison with Elliott fs collective bands. 


6. The strictly restricted dynamics collective se 


We have discussed only the Uj- -scalar term iet of the 
Wigner interaction Hoi e The total Hamiltonian H of na 
nucleus consists of the kinetic Hy , Coulomb Ho, central 
H, = Hyt Hyt Hg+ bi, (the terms in this expression cor- 
respondingly denote Wigner, Majorana, Bartlett and Heizen~ 
berg interactions), vectorial H, and tensorial H, terms, 
thus 

H=H,+Ht Hwt Hu t Hgt Hy +H, +H, 
(24) 
Acting on H with operators of the group Up-t we can pre- 
sent this Hamiltonian in the U4-4 -irreducible form 


H= H+ > H*y , 
(25) 


where 'the first term “he is the Unat -scalar part of H 
and terms with X#[0] possess some U. „4 irreducible 
properties. According to the oo proposed in [9] and 
described in details in le. H® is the strictly restricted 
dynamics collective Hamiltonian 
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L= o u> Het HetHy tHe + H5 + Hy +H rH, 


(26) 
The states of the Schrodinger equation for Hen give the 
strictly restricted dynamics collective model. Every term in 
(24) contributes to (26), thus besides the features, related 
with Wigner interaction and already discussed in the previous 
section, in the strictly restricted dynamics collective model 
we obtain additional effects, conditioned by the exchange 
operators, the coupling of the spin-isospin and orbital deg- 
rees of freedom, etce Due to the dependence of H eee on ge 
space and spin-isospin degrees of freedom, the space Howe 
acts in, is spanned on the antisymnetric functions, built 
using (13) and spin-isospin supermultiplet basis 


(fA, RSM TM, RZ IE» + Że tel, (27) 


depending on spin-isospin variables j Jej 52 and characterized 
by the total spin S » isospin "i » their Z -projections M, 
and Me S A -irreducible representation ( with the basis 
fi,» bo both uniquely related with + , and the missing la- 
bel X for the chain U,> SU, xSU,. Coupling L with S 
to 4 and p with $ to the antisymmetric representation @ 
of the group Sp we construct the antisymmetric unitary 
scheme functions 


Pl «4 aon |S +9 Gat da Dr «a to, z gh, 


(28) 
introduced in (3). The Hamiltonian Hoc in the basis (28)is 
diagonal with respect to all the quantum numbers, but K LD. 
The matrix of Holt in this basis is independent on M Swa 
and has a form of 


Bae JT: E (4/1) $7 My) = 


EE K(LS)] M; |H° be of KU SJM) 
Siw a $e PM, wlt | wa fiT My 2 
(29) 
where J] gives the parity of the states; J=+1 - it E, -even 
and JI=- 1 „get Es -odd. Using the developed cepa tech- 
nique and computers it is possible to calculate matrix ele- 
ments (29) in the wide range of A-4 -irreducible states 
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and mass numbers A. From (29) it follows, that the integrals 
of motion of Hiatt consist of JF: ES (A DF T Mp. The mat- 
rix of Hoa with given integrals of motion has a finite di- 
mension, thus its diagonalization can be performed without 
essential approximations used. In other words, we can find 
exact solutions and the spectrum of Fisedlt's A qualitative ana- 
lysis of this spectrum has been described in [2]. 


7. Pairing-like effects and further generalizations 


The collective forms of motion represent only one aspect 
of many-sided features of the nuclei. Other important effects 
are related with the pairing interaction, studied from the 
algebraic point of view in the shell-model basis in [żle]. 
This type of interaction is not taken into account in the El- 
liott‘’s model, and this is one of the reasons, why it is dif- 
ficult to compare the predictions of this model with experi- 
mental datae 

The question is whether it is possible to take into ach 
count the pairing=like features in the strictly restricted 
_dynamics models. Before discussing this question we shall 
explain in a few words the restricted dynamics idea (for de- 
tails see [2, 13)). Let us consider the Hamiltonian H , ac- 
ting in the ace » presented as the direct sum of the 


RaR KONG 
‘ (30) 


To the decomposition (30) we adopt the following decomposi— 


tion of H 
oO f, 4 
H=H +H +H +--+ A> 


with terms arranged in such a way, that all the chg GRA" 
with respect to I” s QD of ki? varana It means, that H° 
acts within the space R iee. H° is the Hamiltonian, 
restricted to the subspace RA “of the space Ke We refer 
to such a Hamiltonian as to the restricted dynamics Hamil- 
tonian (with respect to the space R b ). The expression 
(25) provides an example of the operatorial decomposition 
(31). The Hamiltonian Hoa , discussed in the previous sec- 
tion, representing collective features of H , is the term 
of H » obtained restricting H to the Uy, -irreducible 
space 


subspaces 
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In order to take into account other features, g den in 
H , we restrict H to the U; ~irreducible space R (we 
remember, that E denotes both Uga anå U, -irreducible 
representations). By those means we introduce the U; -scalar 
term (TEPRO, of b| , which describes the features, op- 
posite to the collective ones. For this reason we refer to 

anticolł as to the strictly restricted anticollective Ha~ 

miltonian. This Hamiltonian takes into account strong space 
correlations and in this sense hiratgticość is an analogue of 
the pairing interaction. Considering the Schrodinger equation 
tor the Hamiltonian Hoy tH autiielé the strictly restricted 
dynamics model has been introduced [9] which gives a far rea- 
ching generalization of the Elliott s model. More detailed 
description of this Hamiltonian, including the qualitative 
analysis of its spectrum and some applications can be found 
in [2, 6ja 

We pone luge with the following zenanie Starting from the 
Elliott s collective bands operator V g » we described 
step by step its generalizations, mae seme the strictly 
restricted dynamics Hamiltonian. Originally this Hamiltonian 
and even much more sophisticated restricted dynamics Hamilto=— 
nians have been introduced axiomatically, and were used to 
build up the nuclear models 2f various degrees of complexity. 
Their gener: i description and references to original papers 
are given in [14]. 
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STRESZCZENIE | 


Nowa interpretacja modelu Elliotta oparta na UĄ_172i1ePrZy- 
wiedlnym rozkładzie centralnych oddziaływań kwadrupolowych między 
A-czastkami została zaproponowana oraz wyjaśnione zostało jej po- 
wiązanie z operacyjnymi seriami używanymi w modelu ograniczonej 
dynamiki. Krok po kroku przedyskutowano uogólnienie dowolnego po- 
tencjału nukleonowego jak i innych członów Hamiltonianu, kończąc 
na ograniczonym modelu dynami cznym przy uwzględnieniu zarówno 
kolektywnych jak i antykolektywnych efektów. 


PE3 DNE 


lipeaioxeHa HOBaA mMHTepnpeTaumA MOĄENK BNAKOTTA OCHOBAHA 
Ha HENPKBOĄKMOM U4-1 Pactpezenenuu LUEHTPAJBHNX KBagpynons- 
HHX B38KMOĄCŃCTBHH MEZĄY Å-YACTHUAMM M BNACHEHA ee CBA3Ł C 
ONEPANAOHEHMA CEDKAMU NpLUMEHAGMHMK B MOJĄEAK OrpaHnyeHHOH AU- 
HaMKKU. IIOXHOÓHO paCCMATPUBAETCA OOOÓĄEHKE NVOGOTO HyKJIOHHOTO 
NOTEBUKANA, A TAKXE APYTAX YeHOB PAMKIBTOHMAHA, OCTAHABJU- 
BaACh Ha OTpaHKTEHHOŃ AMHeaMMYeCKOH MOJENK C yyeTOM TAK KOJN- 
MERTABHHX, KaK M BHTKKOJNIEKTUBHNX o@PeKTOB. 


